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Implementation of surface tension force in fluid flow
during reactive rotational molding
A. Hamidi & S. Khelladi & A. illoul & M. Shirinbayan &
F. Bakir & A. Tcharkhtchi
Abstract During Reactive Rotational Molding (RRM), it is
very important to predict the fluid flow in order to obtain the
piece with homogeneous shape and high quality. This predic-
tion may be possible by simulation the fluid flow during rota-
tional molding. In this study we have used a mixture of iso-
cyanate and polyol as reactive system. The kinetic rheological
behaviors of thermoset polyurethane are investigated in
anisothermal conditions. Thanks to these, rheokinetik model
of polyurethane was identified. Then, to simulate the RRM,
we have applied Smoothed Particles Hydrodynamics (SPH)
method which is suited method to simulate the fluid flow with
free surface such as occurs at RRM.Modelling and simulating
reactive system flow depend on different parameters; one of
them is the surface tension of reactive fluid. To implement
force tension surface, the interface between polymer and air
is dynamically tracked by finding the particles on this border.
First, the boundary particles are detected by free-surface de-
tection algorithm developed by Barecasco, Terissa and NAA
[1, 2] in two and three dimension. Then, analytical and geo-
metrical algorithms have been used for interface reconstruc-
tions. The aim of this work is the implementation of surface
tension force in the SPH solver applied to RRM. To illustrate
that, we used novel and simple geometric algorithm fitting
circle and fitting sphere, in two and three dimensional config-
urations, respectively. The model has been validated
using a well-known dam break test case which covered
the experimental data.
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Introduction
Rotational molding is a four-stage, high-temperature (150–
300 °C; depend on the polymer), low-pressure, plastic mold-
ing process that uses heat and bi-axial rotation to produce
hollow, one-piece parts [3, 4].
Rotational molding is known as an economically and en-
vironmentally viable method for manufacturing of polymers.
The molds of this process are less expensive because it’s not
necessary to make them with high performance materials. In
absence of pressure, there is no residual stress in final parts. In
this manufactory method, the quantities of wasted materials
are low. However, this process takes long times, about 20–
40 min; so this technique is generally used for small series of
industrial parts. The limited number of polymers only thermo-
plastics that can be used for rotational molding is also consid-
ered as another disadvantage of this process. The various in-
convenient of conventional rotomolding have favored the
emergence of RRM where the polymer synthesis and piece
shaping are simultaneously carried which allows to reduce
cycle time and expand the range of materials such as thermo-
set [5]. Different parameters involved during RRM such as
rate of chemical rate, viscosity variations and fluid flow.
These phenomena are complex and require detailed
study to modeling the process.
Previous work permits to simulate thermoset polyurethane
in two and three dimensional configuration using SPH [6–8].
In order to complete our SPH solver because we have ob-
served as it works can generate roughness or particle
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agglomerates on the internal surface (Fig. 1). This phenome-
non affects the flow of material and its adhesion process that
can be slowed and even stopped. It will also consider this
problem for example by integrating new model or criterion
then seeing if taking into account the viscoelasticity of the
material and / or surface tension, this phenomenon can be
reduced. In this study, the surface tension force will be inte-
grated in SPH solver in order to simulate the polymer flow
during RRM.
Surface tension has a significant role in many free surface
flows, such as occurs to RRM. It is necessary to include sur-
face tension into the SPH solver to make realistic simulations.
Many models have been integrated in SPH method developed
to study fluid flows with surface tension. Since surface tension
is defined as a property of liquids arising from unbalanced
molecular cohesive forces at or near the surface, Nugent and
Posch [9] applied the SPH method to formation of a liquid
drop from an initial regular shape. The cohesive pressure in
the Van der waals (Vdw) equation of state is similar to the
unbalanced molecular cohesive forces that cohesive pressure
works as surface tension.
Then, the Vdw model is applied to simulate the oscillation
of deformed drop without tensile instability [10, 11]. After
that, Tartakovsky and Meakin [12, 13] introduced new term
in the continuity equation based on interaction particle force to
simulate the effect of the tension surface. Another treatment of
surface tension in SPH method based on the continuum sur-
face force (CSF) model developed by Brackbill et al. [14],
where the interface curvature is calculated through a color
function (Morris [15]). The main disadvantage of this method
was the estimation error of surface tension for large curvature
because the second derivative of a color function is sensitive
to particle disorder.
Zhang [16] proposed a new surface tension method where
free surface boundary can be dynamically tracked by using
geometric algorithms [17, 18]. But this method is quite diffi-
cult to implement it and particularly in three dimensions.
However, Marrone [19] presented a new method based on
the properties renormalization matrix, defined by Randles
and Libersky [20]. Recently, Barecasco and Al [1, 2] devel-
oped new method which the domain is represented by over-
lapping of spheres where each sphere represents a SPH parti-
cle centered at the particle’s position. If the sphere of a SPH
particle is not completely covered by the spheres of its neigh-
bors, the SPH particle is a boundary particle. Otherwise, it is
an inner particle.
The objective of this work is to develop a numerical meth-
od for simulating reactive fluid flow during RRM taking into
account the free surface tension and meeting the following
requirements: implement simple algorithm to detect the inter-
face air-polymer using algorithm developed by barecasco and
Al., construct by geometrical algorithm like fitting circle (2D)
and sphere (3D), finally, show the capability to implement
surface tension force in SPH solver and compare our method
with other method that were used in the literature.
Method and material
The fluid flows during RRM of liquid polymer will be simu-
lated by SPH method. The reactive fluid is modeled as an
incompressible viscous Newtonian fluid because the viscosity
remains low until gelation and the shear force is neglected for
the reason that the mold rotates very slowly (1 to 10 rpm). The
surface tension force is only applied for boundary particles.
To perform this study, we use the reactive fluid composed
by isocyanate and a polyol with functionality more than two in
order to synthetize thermoset polyurethane.
Kinetic and Rheokinetik modelling
Kinetic modelling
The knowledge of kinetic parameters of reactive thermoset
polyurethane is essential on the design and processing of poly-
mer technology. Kinetic prediction of the cure pattern in dy-
namic conditions is very interesting. Polyurethane thermoset
studied here, is produced by the polyaddition of a
polyisocyanate and a Polyol. The mechanism of the polymer-
ization of polyurethane have been investigated in the litera-
ture, mostly to the classical second order-reaction [21, 22]. In
this study, we use kamal and serror’s model [23] to describe
the kinetic of this system:
dα
dt
¼ k1 þ k2αnð Þ 1−αð Þm ð1Þ
Fig. 1 Formation of particle agglomerates on the internal surface of part
Where α, k1,k2,n and m represent the conversion, reaction
constant and order reactions respectively.
Rheokinetik modelling
As a result of the reaction between Polyol and Isocyante, the
reactive system first increase in viscosity and eventually cross-
links and become set, reaching gel point, and as a result it can
no longer flow or dissolve. Therefore, it is important to under-
stand the rheological behavior of the thermosetting resin in
order to optimize the operating conditions for a reactive poly-
mer process that includes both reaction and viscous. In order
to model a reactive polymer process, a viscosity function that
can express the relationship between viscosity and tempera-
ture and conversion is necessary. In this study, we used Castro
and Macosko model [24] which give relationship between the
viscosity and conversion, as:
η ¼ η0
αgel
αgel−α
 aþbα
ð2Þ
Where αge1 represents the conversion at gelation point, and
η0, a and b are empirical constants.
Experimental results and discussions
Thermal properties
The Differential Scanning Calorimetry is widely used to ana-
lyse the cure kinetics of thermosets. Linear heating runs are
carried out in a TA instruments DSC Q10 thermal analyser.
Samples were prepared with approximately 10 mg of the mix-
ture (polyol and isocyanate) in hermetic aluminium capsules.
During the study the samples are heated from −20 to 220 °C at
different heating rates 2, 5,7,10 and 15 °C/min. The DSC test
results for dynamic cure at different heating rates are repre-
sented in thermograms such as the one illustrated in Fig. 2.
The shape of the thermograms shows two exothermic peaks
major peak around 140 °C correspond to the crosslinking of
polyurethane and the second peak represents secondary reac-
tion due to the consumption of NCO by side reactions as
formation of allophonates [25].
We use Datapaq telemetry tracker to show the real change
of temperature during RRM. Figure 3 depicts the evolution of
temperature of the reactive system and the oven. The ramp of
temperature observed by these measurements corresponds to
7 °C/min. In the rest of our work, we determine the laws
governing the change of kinetic and rheokinetik at this
heating rate.
In this section, the kinetics is studied by following the
consumption of Isocyanate function. Conversion is plotted
as a function of temperature at 7 °C/min. An attempt was
made to fit this experimental data to the kamal and Serror
model. Figure 4 shows the experimental results and the nu-
merical results for the reaction between isocyantes and
polyols. A reasonable fit of the reaction profile could be
achieved with kamal and serror model.
Rheological measurements
Rheological experiments were performed using an Ares Rhe-
ometer from TA Instruments equipped with 25 mm diameter
parallel plates to assess the rheological properties of the poly-
urethane reacting system, called dynamic temperature ramp in
order to determine the system’s viscosity at 7 °C/min.
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Fig. 2 Evolution of the heat flux
with temperature for the non-
isothermal scans
The material’s rheological measurements are taken each 5 s
and the gap between parallel plates is between 0.5 and 1 mm
wide. A thermoset reaches its gel point when the elastic mod-
ulus equals the loss modulus. The Fig. 5 depicted an example
of the evolution of the change of storage modulus (G’) and
loss modulus (G”).
The Table 1 presents the material’s gel temperature, time
and conversion obtained at 7 °C/min.
In order to correlate the kinetic model, α and the experi-
mental rheological results, η(t,T ), the Macko-Castro
chemorheological model presented in Eq. (1) is used. As
shown in Fig. 6, the model describes successfully the evolu-
tion of viscosity. Parameters are determined through regres-
sion based on error minimization (η0=0.94, a=−3.27 et b=
−2.41). There is reasonably good between numerical and ex-
perimental results. In our simulations, we use this rheokinetik
model to describe the evolution of viscosity of our material
during RRM. In our simulations, we use this model with to
describe the evolution of reactive system’s viscosity during
the process.
Numerical model: RRM simulations
The study of fluid flow is described by the Navier–Stokes
equations that reflect the mass conservations, momentum
and total energy. A state equation is combined to these equa-
tions in order to describe the thermodynamic behavior of fluid.
In Lagrangian formalism these equation can be written
as [26]:
∇ v!¼ 0 ð3Þ
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∂ v!
∂t
¼ g þ 1
ρ
∇:τ−
1
ρ
∇P þ 1
ρ
f
! ð4Þ
Where: g, P, v and ρ represent the gravitational accel-
eration, pressure, the velocity vector and density, respec-
tively. f! denotes the surface force which acts only at
the interface only.
Among the methods that allow us to simulate the
free-surface flow, there are meshless methods in partic-
ular Smoothed Particle Hydrodynamics method [27, 28].
The principle of the SPH method is based on field re-
construction from a cloud of discrete and disordered
points.
This approximation in discrete notation permit to find the
value of the scalar field A (r) at any point, at a particle a the
following equation is used:
A rð Þ ¼
X
b
mb
ρb
AbWab ð5Þ
Where: the summation is over all the particles within the re-
gion of compact support of kernel function. a, b represent the
SPH particles; mb and ρb are mass and density of particle b,
respectively. Wab is weight or kernel function which has
compact support.
In SPH, the fundamental principle is to approximate any
function A (r) by:
A rð Þ ¼
Z
A r
0
 
W r−r
0
; h
 
dr
0 ð6Þ
Where: h is smoothing length;
In present simulation, the cubic spline kernel has been
used:
W r; hð Þ ¼ αD
1−
3
2
q2 þ 3
4
q3 0≤q≤1
1
4
2−qð Þ3 1≤q≤2
0 q≥2
8>><
>>: ð7Þ
Whereq = r/h, r is the distance between particle a and b.
αD is 10/(7πh
2) in 2D and 1/(πh3) in 3D.
The Navier-Stokes equations are discretized by the SPH
method for each particle, will be given below, the continuity
Eq. (8), momentum Eq. (9) and thermal energy (11).
dρa
dt
¼
X
b
mb v
!
a− v!b
 
∇
!
Wab ð8Þ
Where: ρa, va are density and velocity of particle a, respec-
tively; mb and vb are mass and velocity of particle b.
d v!a
dt
¼ −
X
mb
Pa
ρ2a
þ Pb
ρ2b
 
∇
!
Wab
þ
X mb ηa þ ηbð Þvab
ρaρb
1
rab
∂Wab
∂ra
 
þ g!þ f! ð9Þ
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Fig. 5 The result of temperature
sweep experiment at the heating
rate of 7 °C /min on the change of
storage modulus (G’)
Table 1 Reactive
system gel: temperature,
time and conversion
Gel point 7 °C/min
time (s) 573
Temperature(°C) 75.27
Conversion (αgel) 0.68
Where:Pa, Pb and ηa, ηb are pressure and viscosity of particles
a and b, respectively and g! represents gravity. And f! :sur-
face tension surface and is given by:
f
!¼ σk n!δs ð10Þ
σ: coefficient of surface tension; k: the curvature; n
*
: normal
vector of surface; δs: surface delta function and it’s equal to
1/εwhere: ε represents particle spacing.
dEa
dt
¼
X
b
4mb
ρaρb
kakb
ka þ kbTab
rab:∇aWab
r 2ab þ ε2
ð11Þ
ka and kb are respectively the conductivity of particle a and
b, Tab is the difference between temperatures of particles a and
b. This equation involves an explicit conductivity which can
be variable. This allows simulating heat transfer of multiple
materials with different conductivities.
To describe the thermodynamic behaviour of the fluid, we
have associated to this system an equation of state which
shows the variation pressure P in function of density ρ.
P ¼ P0 ρρ0
 γ
−1
 
ð12Þ
Where: P0 is the magnitude of the pressure and ρ0 is the
reference density. P0 is given by:
P0 ¼ c
2
sρ0
γ
ð13Þ
With cs is speed sound at the reference density and γ is a
problem dependent parameter.
Treatment of boundary conditions
This section summarizes our wall boundary conditions. sev-
eral techniques are utilized in the literature, to treat wall
boundaries, for example, by using mirror particles [28], dum-
my particles [20] and repulsive force [27]. A widely used
approach, proposed byMonaghan, is the repulsive force meth-
od where the wall is described by particles which exert a
repulsive short-range force similar to a Leonard-Jones poten-
tial force on fluid particles. This last force has been used in our
simulations. Moreover, with repulsive forces, only one layer
of particles is placed on the wall with identical mass and
density to inner particles. A type of Lennard-Jones force is
used as the repulsive force, PBab:
PBab ¼
D
r0
rab
 n1
−
r0
rab
 n2 xab
r2ab
if
r0
rab
 
≤1
0 if
r0
rab
 
> 1
8><
>>: ð14Þ
The values of n1 and n2 are usually taken 12 and 4 respec-
tively,D should be chosen to be in same scale as the square of
largest velocity and r0 is distance from which fluid particles
interact with solid particles.
Unfortunately, the boundary conditions adopted in our
study produce no-slip conditions. In this configuration, fluid
particles cannot adhere to the boundary particles (except for
very low velocities). To simulate the adhesion of RRM on the
mold surface, Riviere [8] developed a model to fix the fluid
particles when they reached a certain viscosity and they are
exposed to a certain distance from the mold (or fixed material)
during a certain time. Figure 7 illustrates a schematic
0,0 0,1 0,2 0,3 0,4 0,5 0,6 0,7
0
60
120
180
240
300
360
420
v
is
c
o
s
it
y
(
P
a
.s
)
conversion 
 viscosité modèle
 viscosité expérimental
Fig. 6 Viscosity change
comparison between
experimental and macko-castro
model (■ numerical results●
experimental values)
representation of fluid particles and the boundary particles
(mold or adhered polymer). The adhesion length is distance
from boundary to situation which fluid particles can be ad-
hered. For fixing a fluid particle, three conditions must be
verified:
& The effective particle viscosity ηa must be higher than
adhesion viscosity, ηadhe (The viscosity value which poly-
mer starts to adhere on the mold surface).
& The distance of fluid particle and boundary rab must be
lower than adhesion length Δ.
& The exposure time texpo of a fluid particle must be higher
than adhesion time tadhe. Where count-down is engaged
when rab ≤ Δ.
ηadhe and tadhe are physical parameters linked to surface
roughness and rotation speed of the mold. On the other
hand,Δis a numerical parameter and is chosen to be in
the same scale than the smoothing length. When poly-
mer gelation occurs, the material becomes stiff and there
is no more flow. The plastic part can be removed from
the mold. To simulate gelation phenomena, the remain-
ing fluid particles must be fixed. When the fluid parti-
cles viscosities ηa reach a viscosity close to the gel
point ηgel, they become fixed, even if they do not sat-
isfied the three above mentioned criteria. At this step,
the simulation process is completed.
In this implementation, sums must check for all particles in
the fluid domain if they are within the kernel. To make a faster
calculation, we used a linked-list grid method to reduce the
calculation amount per particle. In this study, the numerical
integration scheme is explicit scheme called Newmark algo-
rithm [29] integrator to advance in time, the variables are
calculated according to:
vnþ1i ¼ vni þΔt 1−αð Þani þ αanþ1i
 	 ð15Þ
xnþ1i ¼ xni þΔtvni þΔt2 0:5−βð Þani þ βanþ1i
 	 ð16Þ
Where x and v represent position and velocity, respectively.
Moreover α=0.5 and β=0.25. Temperature and density are
updated according to (12) and time step Δt depends on the
Courant Friedrichs Lewy (CFL) condition [30].
On parallel applied optimizations, implementation part is
completed with an approach into parallel programming using
Open Multi-Processing to achieve shorter simulation
runtimes.
Treatment of the surface tension
Generally, in the case of biphasic systems (polymer-air) sur-
face tension forces are caused by the unbalanced molecular
dynamic forces at the free surface, in the region between two
different immiscible phases. In these regions the polymer mol-
ecules, represented by our particles, are forced to shift in the
direction of surface normal towards the liquid itself causing a
minimization of liquid’s curvature at the surface.
The surface tension force is only present in the border
polymer-air, it is necessary to detect dynamically all the par-
ticles belonging to the interface. Then, we reconstruct the
border air-polymer by Lagrangian interpolation or by circle
approximation in 2D and the reconstruction of surface using
fitting sphere in three dimensional configurations.
Tracking free surface boundary polymer-air
The interface is dynamically detected by finding all boundary
particles using a simple free-surface detection method in two
and three-dimensional algorithm developed by Barecasco and
Al. In this method, the domain is representing by overlapping
of spheres (SPH particle si), centred at the particle’s position xi
and ri. It is then necessary to check if some part of segments of
this sphere is or not covered. If there is some piece which isn’t
covered by the spheres neighbours’, it called a boundary par-
ticle. Otherwise, it’s inner particle. Due to the non-uniform
properties of SPH particles, we used a scan cone around the
cover vector of the fluid surface for checking any covered
particle.
The cover vector can be written as:
bi ¼
Xn
j¼0
xi−x j
jjxi−x jjj
ð17Þ
Fig. 7 Adhesion schematic
We defined an angle θi, the angle of cone, in order to test a
boundary status of SPH particle.
The particle is considered a boundary particle if:
arccos
x j−xi
jjx j−xi
bi
bijj
 
≤
θi
2
ð18Þ
Reconstruction of the interface in 2D
The curve interface is reconstructed using the boundary parti-
cles by twomethods: Lagrangian interpolation or fitting circle.
Before reconstruction of the curve, the system coordinates are
transformed into local coordinate system, in order to guarantee
the interface curve will have one-valued in the local coordi-
nate system.
The origin o’ in local coordinate system is given by:
xo0 ¼
X
j
x j=Ni ð19Þ
yo0 ¼
X
j
y j=Ni ð20Þ
Where j is the particle index of neighbors of boundary
particle i and Ni is total number of neighbors of bound-
ary particle i.
The relationship between local coordinate (x’, y’) and co-
ordinate system (x, y) is given by:
x ¼ x0cosα−y0sinα ð21Þ
y ¼ x0sinαþ y0cosα ð22Þ
Where: α represents the angle between the two axis x
and x’.
Fitting circle
First, we used the fitting to reconstruct the boundary
curve in the local coordinate system. This method is
widely used in metrology and microwave measurement
[31–32]. The principle of fitting circle method is to
compute an initial guess by averaging all circles that
can be built using all triplets of non-aligned points,
and then to iteratively reduce the distance between cir-
cle and the complete set of points using a minimization
method.
A fit measure of the circle with the center being at the
point (a, b) and the radius being “r” to the boundary
particles points P(xi,yi) is given by summing the squares
of distances from these points to the circle. The measure
is formalized as follow:
S a; b; rð Þ ¼
Xn
i¼1
r−
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
xi−að Þ2 þ yi−bð Þ2
q 2
ð23Þ
Where: the index i indicate a boundary particle.
To determine a, b and r in least square development the
values of a, b and r can be determined by differentiating S(a,
b,r) in relations to circle parameters and forcing the partial
derivatives to be zero in order to obtains the values of a, b
and r. The differentiation of S(a,b,r) are:
∂S
∂r
¼ −2
Xn
i¼1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
xi−að Þ2− yi−bð Þ2
q
þ 2nr ð24Þ
∂S
∂a
¼ 2r
Xn
i¼1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
xi−að Þ2− yi−bð Þ2
q
−2nxþ 2na ð25Þ
∂S
∂b
¼ 2r
Xn
i¼1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
xi−að Þ2− yi−bð Þ2
q
−2nyþ 2nb ð26Þ
We note the solving (24) =0 for r reaches to:
r ¼
Xn
i¼1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
xi−að Þ2− yi−bð Þ2=n
q
ð27Þ
If we obtain a, b by some other method, we can obtain good
value of r by using (25).
In this study, we used average of intersections method to fit
circle to data points in order to obtain the coordinate of our
circle [33]. For this reason, we use geometry properties of
circle; in particular the perpendicular bisectors of all chords
intersect at the center. For any given triplet of non-aligned
points, we determined the intersection Cijk of the perpendicu-
lar bisectors of side <Pi,Pj> (Eq. 27) and the perpendicular
bisector <Pi,Pj> (Eq. 28).
xCi; j;k ¼
xi þ x j
 	þ αi; j y j−yi 
2
yCi; j;k ¼
yi þ y j
 
−αi; j x j−xi
 	
2
8>>><
>>:
ð28Þ
xCi; j;k ¼
x j þ xk
 	þ αk; j yk−y j 
2
yCi; j;k ¼
yi þ ykð Þ−α j;k xk−x j
 	
2
8>><
>>: ð29Þ
Solving this set of linear equations reaches to:
αi; j ¼
xk−xið Þ xk−x j
 	þ yk−yið Þ yk−y j 
Δ
α j;k ¼
xk−xið Þ x j−xi
 	þ yk−yið Þ y j−yi 
Δ
8>><
>>>:
ð30Þ
Where
Δ ¼ xk−x j
 	
y j−xi
 
− x j−xi
 	
yk−y j
 
The coordinates of the circle are:
xCi; j;k ¼
yk−yið Þ x2i þ y2i
 	þ yi−ykð Þ x2j þ y2j þ y j−yi  x2k þ y2k 	
2Δ
yCi; j;k ¼ −
xk−xið Þ x2i þ y2i
 	þ xi−xkð Þ x2j þ y2j þ x j−xi 	 x2k þ y2k 	
2Δ
8>><
>>:
ð31Þ
Lagrangian interpolation
Another method has been used in our study to reconstruct the
interface curve by using Lagrangian interpolation. The La-
grange interpolation is formulated as follows:
P xð Þ ¼
X
j
P j xð Þ ð32Þ
Where:
Pj xð Þ ¼ y j∏
k≠ j
x−xkð Þ
x j−xk
 	 ð33Þ
j is particle index including boundary particle i and its neigh-
bors on the boundary.The curvature and the normal in local
coordinate are obtained as:
k ¼ P
00 xð Þj j
1þ P02 xð Þ 3=2 ð34Þ
n!0 ¼ P
0 xð Þ;−1iif P00 xð Þ < 0
−P0 xð Þ;þ1iif P00 xð Þ > 0

ð35Þ
The coordinate of normal vector in the original system are
given by:
n!0 ¼ P
0 xð Þcosαþ sinα;P0 xð Þsinα−cosαiif P00 xð Þ < 0
−P0 xð Þcosα−sinα;−P0 xð Þsinαþ cosαh iif P00 xð Þ > 0

ð36Þ
Reconstruction of the surface in 3D
The boundary surface is reconstructed using fitting sphere
method. Before reconstruction of the curve, the system coor-
dinates are transformed into local coordinate system, in order
to guarantee the surface curve will have one-valued in the
local coordinate system.
The origin o’ of the local coordinate system is given by:
r!o0 ¼
X
j
r! j=Ni ð37Þ
Where j is the particle index of neighbours of boundary
particle i and Ni is total number of neighbours of
boundary particle i.
The local three-dimensional basis vectors were calculated,
by the system of Eq. (38):
bZo0 ¼ r!− r!o0
jj r!− r!o0 jj
; bXo0 ¼
Xb Zbo0
jjX ̂  Zbo0 jj ; Yb Zbo0 ¼ 0
Yb Zbo0
jjYb Zbo0 jj; Yb Zbo0≠0
; bYo0 ¼ bX  bZo0
jjbX  bZo0 jj
8>>><
>>>:
(38)
We used fitting sphere to reconstruct boundary surface
from cloud of boundary particle detected dynamically.
y 
x 
y 
x
Mold : 318 particles 
Fluid:  355 particles 
Mold : 1502 particles 
Fluid:  21069 particles 
Fig. 8 Detection of boundary
particle for a cylinder mold
rotating around its main axis. The
mold is shown in blue, the inner
particle in green and boundary
particle in red particles
To fit sphere from data points, we used method developed
by Ahn [34] based on least square.
The basic problem is to find a sphere that represents all
data. With our sphere described by:
x−að Þ2 þ y−bð Þ2 þ z−cð Þ2 ¼ R2 ð39Þ
Where: a, b, c and R are the coordinate of the center and the
radius of sphere.
This relation can be written as:
x2 þ y2 þ z2 þ xA1 þ yA2 þ zA3 þ A0 ¼ R2 ð40Þ
Where
A0 ¼ a2 þ b2 þ c2−R2;A1 ¼ −2a;A2 ¼ −2b;A3 ¼ −2c
By ρk
2=xk
2+yk
2+zk
2, we have:
nX
xkX
ykX
zk
X
xkX
x2kX
xkykX
xkzk
X
ykX
xkykX
y2kX
ykzk
X
zkX
xkzkX
ykzkX
z2k
2
666664
3
777775
A0
A1
A2
A3
0
BB@
1
CCA
¼ −
X
ρ2kX
ρ2kxkX
ρ2kykX
ρ2kzk
0
BBBBB@
1
CCCCCA ð41Þ
The resolution gives A0, A1, A2 and the coordinate of sphere:
a ¼ −A12 ; b ¼ −A22 ; c ¼ −A32 ; and the radius as:
R ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2 þ b2 þ c2−A0
q
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Fig. 9 Detection of boundary
particle for a propeller mold
rotating around its main axis at
different moments. The mold is
shown in blue, the inner particle
in green and boundary particle in
red particles
Fig. 10 Coalescence of two
water droplets of at 25 °C
Results and discussion
Efficiency of detection boundary particle method
First, we used a mold with simple geometry; a cylinder rotat-
ing around its main axis (Fig. 8). The cylinder radius is 10 cm
and the rotational speed is 7.5 rpm (rpm). The mold is repre-
sented by 318 solid particles and its temperature is set at
60 °C. The polymer which is polyurethane is represented by
355 of fluid particles, the initial temperature is set at 25 °C.
The optimum angle θi=π/4, permit us to detect all the bound-
ary particles. To test the efficiency of the scan cone, we in-
crease the quantity of polymer in the mold (mold particle:
1502, fluid particle: 21069). The results obtained show that
with same angle cone, the curve interface is perfectly detected
which prove that the quantity of polymer didn’t affect the
value of scan angle.
To test the effect of geometry on the optimum angle scan
value, we used propeller with three pales in 2D configuration
(Fig. 9) where the mold is represented by 1574 mold particles
and its temperature is set at 80 °C. The fluid is represented by
15,014 particles; the initial temperature is set at 25 °C. With
same angle θi=π/4, used for the simple geometry, we can find
all the boundary particles.
In another part of this work, the ability of this method to
detect the particles belonging to the border air-fluid was tested
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Fig. 11 Detection of boundary
particle in three dimensional
configurations. The mold is
shown in blue, the inner particle
in green and boundary particle in
red colour
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Fig. 12 Particle position of 2D
circle (radius=0.1) with the
normal vector on the surface
(obtained by the fitting circle and
the Lagrangian interpolation)
in the case of coalescence of two droplets of water in contact.
The temperature was set at 25 °C. The red particles represent
boundary particles which detected with same angle (Fig. 10).
To test the efficiency of algorithm and to detect the surface
boundary in three dimensional configurations, we used a cyl-
inder as mold containing the reactive fluid and the scan cone
angle θi=π/4 (Fig. 11).
Efficiency and accuracy of the surface tension model
First, we performed our study on circle domain in order to
show the capability of the two methods to estimate the normal
and curvature of simple geometry like 2D circle (Fig. 12).
The both methods gave an accurate value of the normal. In
the fitting circle method the value of curvature is constant and
it’s equal to ten which is the inverse of circle radius. On the
other side, the value of curvature obtained by Lagrangian
method is slight different. Because, in the circle method the
curve passes over the set of boundary particles unlike in the
second method the reconstructed curve didn’t pass by the
boundary particle which serves as origin of the interface
curve. As shown in the Fig. 8 which describes the evolution
of curvature in function of number particle boundary, the cur-
vature values converge to ten by increasing the number of the
boundary particles (Fig. 13). The relative errors for the 252,
314, 628 and 1286 boundary particles are 0.084, 0.051, 0.013
and 0.00301 % respectively.
To validate the current method for surface tension, the com-
putations of normal vector and curvature of the interface on
sphere is studied. Figure 14 gives the calculated normal vector
on the sphere.
The reconstruction surface method used in our study gives
an accurate value of the normal and curvature. Indeed, the
value of the curvature is constant and it’s equal to ten which
is the inverse of sphere radius.
Validation
We studied one benchmark, the two dimensional broken dam
problems, to show the capability of our SPH solver to imple-
ment the effect of surface tension. This test is a classical
benchmark problem for assessment of free surface flow and
rapid motion [35]. The problem consists of a rectangular (H x
L) column of fluid confined between a fixed wall and a tem-
porary wall (dam). When, we removed the dam the fluid col-
umn start to collapse under the influence of gravity. We com-
pared our results with those obtained experimentally by Mar-
tin and Moyce [36] for the collapse of a water column. In this
simulation, the problem is represented by 4344 particles and
the fluid viscosity is set at 0.001 Pa.s (water at 20 °C).
In Fig. 15 the non-dimensional surge front positions of the
collapsing dam X*= x/a are plotted against the non-
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Fig. 13 Curvature of the
reconstructed surface of 2D circle
with radius of 0.1
Fig. 14 Particle position of 3D sphere (radius=0.1) with the normal
vector on the surface obtained by fitting sphere
dimensional time T* ¼ t g=a
 	1=
2 where a represents the width
of water column (m), t the time (s), and g the gravitational
force.
A close agreement is observed between the experimental
results and those numerically obtained. Figure 16 shows the
shape of the free surface at different periods of time.
In the same fashion to 2D, a dam break impacting an ob-
stacle (Fig. 17) is presented to show the capability of our
algorithm to solve the free surface flow in 3D. The volume
of water is initially confined at one end of the tank and is
released instantaneously at the start of the simulation. The
initial particle spacing was set to 0.008 m resulting in
180.000 fluid particles.
Simulations applied to RRM
-2D simulations
We performed 2D simulations of an increasing viscosity fluid
in a mold with or without taking into account the tension
surface force, in order to show the effect of this force in our
simulations. For this purpose, we used a simple geometry. The
cylinder radius is 10 cm and the rotational speed is 7.5 rpm
(rpm).
The initial spacing particle is 1.10−3 m. The mold is repre-
sented of approximately 636 solid particles and its tempera-
ture is set at 80 °C. The polymer which is a polyurethane is
0,4 0, 8 1, 2 1,6 2,0
1,0
1,5
2,0
2,5
3,0
3,5
4,0
X
*
T*
 SPH results
 experimental results
Fig. 15 Surge front for
experiment (●) and SPH
simulation (■)
Fig. 16 Shape of free surface at
different periods of time
symbolized by 12 387 fluid particles, the initial temperature is
set at 25 °C. The parameters of adhesion models chosen are:
ηadhe=9 Pa.s, tadhe=3 s and Δ=1.5*dx.
The coeffic ient of surface tension σ i s set to
30 mN.m−1(only for the simulation taking into account sur-
face tension force).
The Fig. 18 represents the evolution of temperature of re-
active fluid during RRM. At the beginning of the simulation,
the reactive fluids have temperature equal to 25 °C and there
are no material fixed to the mould. After few seconds, the
reaction starts and when the three conditions of adhesionmod-
el were satisfied, the polymer particles start to adhere to the
internal surface (white particle). For heat transfer occurred
between the mold and the polymer is governed by conduction;
the temperature of polymer particle increased according to the
Eq. (11) which we permit to observe gradient of temperature
in the reactive system (t=8, 32 s). we observe that the particle
polymer near to the wall have temperature close to the mould
whereas the internal fluid remains at his initial value which
prove that the heat transfer is well presented.
In order to show the effect of surface tension, we undertake
simulations with tension surface (in the left) and without this
force (in the right). Figure 19 represents the simulations oc-
curring with surface tension (on the left) and without this force
(on the right). For the simulations with surface tension force,
the internal surface shows less roughness than the simulation
without taking into consideration the effect of surface tension.
As we know, surface tension is caused by cohesive forces
between the liquid’s molecules. Inside the reactive fluid, each
molecule is pushed and pulled equally in every direction by
nearby molecules. The net force acting on these molecules is
zero. The molecules at the surface however, do not have mol-
ecules on all sides. This results in a net force pointing inwards
into the liquid. This creates internal pressure and forces the
liquid’s surface to contract to the smallest possible area which
permits the decreasing of the curvature on the internal surface
of the part.
To show the ability of our algorithm to simulate different
kind of geometry, we used a mold of the rutland with three
pales. The rotational speed was 7.5 rpm (rpm).
The initial spacing particle was 8.10−4 m. The mold was
represented of approximately 1258 solid particles and its tem-
perature is set at 80 °C. The mold was represented of approx-
imately 1956 solid particles and its temperature is set at 80 °C.
The polymer which was a polyurethane was symbolized of
approximately 23 000 fluid particles, the initial temper-
ature was set at 25 °C. With the initial amount of poly-
mer, the final part wall thickness should be approxi-
mately of 5 mm. At the end of the simulation, around
ten particles should form the part thickness. The param-
eters of adhesion models chosen are: ηadhe=9 Pa.s,
tadhe=3 s and Δ=1.5*dx. The coefficient of surface ten-
sion σ is set to 30 mN.m−1.
Figure 20 shows the 2D simulations applied to RRM.
When the three conditions of adhesion model are satisfied
the reactive system start to fix to the mold. After 15 s we
can observe a thin layer of polymer on the mold surface,
represented by one or two particles. In the same time, heat
transfer between the mold and the reactive material is well
represented; the adhered particles are at the mold temperature
whereas the fluid particles in the middle of the polymer are
still at 25 °C. From 50 s, tadhe starts to decrease significantly
and combined to the increase of viscosity, fluid particles can
quickly adhere to the surface of the mold. A polymer layer is
formed of several particles.
-3D simulations
Like to the two dimensional simulations, we conducted the
numerical study with simple mold geometry; cylindrical mold
Fig. 17 3D dam break flow impacting with an obstacle
Fig. 18 Adhered polymer change and heat transfer during RRM at different periods (red, blue and white particles represent mold, reactive fluid and
adhered polymer, respectively)
Fig. 19 The effect of surface
tension force in the roughness of
the internal surface of the part in
the right: without tension surface,
in the left: with tension force
shape had a length of 20 cm and a diameter of 10 cm. The
parameters of adhesion models chosen were: ηadhe=
30 Pa.s, tadhe=1.25 s and Δ=2*dx. The coefficient of
surface tension σ was set to 30 mN.m−1. The initial
spacing particle was 2 mm which corresponds to
4 mm in final part. The mold was represented by 20,
000 solid particles and its temperature is set at 80 °C.
The polymer which was polyurethane was represented
by 90,000 of fluid particles; the initial temperature was
set at 25 °C (Fig. 21). The evolution of viscosity fol-
lows the same law which was used in two dimensional
configurations.
The fluid flow and heat transfer is shown in the
Fig. 20. Once the three conditions of adhesion model
are satisfied, the reactive starts to adhere in the internal
surface of the mold.
Finally, we also simulated RRM for an industrial part, the
inner part of a pressurized gas tank (Fig. 15). It consists of a
liner surrounded by a polymer composite material. The inner
liner should ensure water resistance and impermeability of the
tank while the composite material provides the mechanical
strength. In the Fig. 21 (left), 120 000 particles are used to
simulate the shaping of the mold during RRM. The initial
spacing fluid (dx=5. 10−3 m) and the velocities of two axes
are set to 9 and 3 rpm, respectively.
With same adhesion model parameters used previously, we
undertook this simulation. The SPH results describe the for-
mation of the part and the evolutions of adhesion reactive
system particle are shown in the Fig. 22.
At the beginning of the simulation, the reactive fluids
have temperature equal to 25 °C and there are no ma-
terial fixed to the mould. After few seconds, the reac-
tion starts and once the three conditions of the adhesion
model are satisfied, the reactive system starts to fix to
the mold which are represented by white particles. Until
16 s, we can observe the rimming flow, the material is
not well distributed on the mould surface and the plastic
part starts to appear and remaining fluid particles create
a wave phenomenon on the fluid surface. At the end,
we observe the formation of heterogeneous material at
the internal surface of the mould and it’s mainly con-
centrate at the corners of the liner. These results is very
close to the reality where this phenomenon is observed
when the axis rotates quickly which didn’t give enough time
to the material to fix homogenously. Therefore, the numerical
results predict the real behaviour of reactive fluid during the
process and it’s necessary to reduce the velocity of the axis of
rotation in order to obtain homogeneous piece.
Also, we note at this moment we can only perform simu-
lations of few hundred thousands of particles, it takes already a
long computational time. To do this, the solver should be
parallelized on a graphical processing unit (GPU). However,
the modeling of this kind of geometry proves the ability of our
solver to treat complex geometry such as tank.
Fig. 20 Propeller with three
pales
Fig. 21 3D cylinder (130,000 particles)
Conclusion
In this paper, an implementation of surface tension force in
two and three dimensional SPH solvers were developed for
simulation of polymer flow during RRM. Indeed, new
rheokinetik model according to the operating conditions of
shaping of parts is developed. The SPH method has been
successfully applied to simulate Reactive Rotational Molding
process in two and three SPH solvers. As we know, surface
tension is important physical parameter and plays important
role in the case of the final parts properties.
In 2D, since the boundary particles are detected ex-
plicitly, the interface curve can be reconstructed by
using two methods: Lagrangian interpolation or fitting
circle and surface tension can be calculated directly on
the surface. Surface tension force acts only on the sur-
face which depends on the curvature. The both methods
were validated by the estimation of normal and curva-
ture of two dimension circles. This fitting circle method
is simple to implement and we can avoid to calculate
the derivative of the function which making it as an
alternative method to the interpolation method.
Fig. 22 Numerical results of 3D
SPH simulation of Liner: 120 000
SPH particles (red, blue and white
particles represent mold, reactive
fluid and adhered polymer,
respectively)
Also, in 3D the interface tracking is explicit and the surface
can be reconstructed by using fitting sphere and surface ten-
sion can be calculated directly on the surface.
The method gives an accurate estimation and was validated
in sphere domain and a represent an alternativemethod toMov-
ing Least Square method which is widely used in SPH commu-
nity. Additional, the method is a simple to implement rather
than MLS method. Also, this method can be easily embedded
in SPH solvers, without a significant increase of the CPU time.
The implementation of surface tension has improved the
quality of our simulations by reducing the roughness of the
internal surface. To enhance our solver, we will incorporate
new criterion in the adhesion model and we also take account
of the non-Newtonian character of polymer using viscoelastic
models describing the behavior of our material during the
process.
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